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NOMENCLATURE

b, parameter defining the width of the volumetric
suction force ;

B, volumetric suction force;

B, the strength of suction force;

c, constant;

Cps specific heat;

E, reduced pressure function;

F, reduced radial velocity function;

G, reduced tangential velocity function;

H, reduced vertical velocity function;

k, thermal conductivity ;

p, pressure;

q, reduced value of ¢;

Q”,  volumetric line heat source;

Q, line heat source per unit length;

r, radial coordinate;

s, reduced value of b;

t, parameter defining the width of the line heat
source;

T, potential temperature ;

u, radial velocity ;

U, ru;

v, tangential velocity ;

Vv, ro;

w, vertical velocity;

W, rw;

x, similarity variable ;

z, vertical coordinate.

Greek symbols

v, kinematic viscosity ;
o, coefficient of thermal expansion;
0, reduced potential temperature function;
r, circulation.
INTRODUCTION

THE CONVENTIONAL wind machine systems—such as the
propeller and Darrieus types—are limited by some basic
difficulties with harnessing wind energy efficiently. This
occurs in situations where there is a low intensity of energy
flux, where the wind has unpredictable fluctuations above
the ground level, and where the long rotating blades will
encounter large dynamic stresses and require increasing
stiffness/weight requirements to maintain dynamic stability.
There are two ways to increase power density: (1)
increasing the local wind velocity; and (2) reducing the
back pressure of the turbine. The tornado-type wind energy
system which is reported by Yen [1] is one of those
concentrators. This system uses a stationary tower with
vertical vanes. The vanes directed the inflow wind so that it
had a tangential component to supply circulation. The air
exits from the opening top of tower. Then an internal
vortex can be formed by this large hollow tower. Chen and
Chao [2] establish a relationship between the vortex and
the radius of the chimney which is placed over the top of
the tower.

A number of analytical studies of the tornado-like vortex
have been investigated by Long [3, 4], Kuo [5], and Chen
and Watts [6]. Experimental studies have been carried out
by Ying and Chang [7] who impart the vorticity by
rotating a cylindrical hardware cloth screen, so that the
updraft is produced by an exhaust fan at the opening of the
top hood along the axis of the vortex. The model also
serves as an analytical description of certain laboratory
vortices created by electrical discharges such as those
produced by Wilkins [8], Ryan and Vonnegut [9], and
Watkins [10]. Watts and Chen [11] generate vortices
around electrical discharges, the vorticity being provided by
a rotating cage. They find that a very long and stable arc
can be maintained for long periods when a drum is placed
over the top of the centre of the cage to produce a chimney
effect.

In this paper we report the results of an analytical model
to the buoyancy-driven vortices about a line heat source
which is from a solar collector in this tornado-type wind
energy system (see Fig. 1).
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F1G. 1. Tornado-type wind energy system with heat source.

MATHEMATICAL FORMULATION OF THE PROBLEM

Consider the three-dimensional flow in a tornado-like
vortex, with a core region of large vorticity, an outer region
where the circulation, I' _, is constant, and the vortex is
driven by a line heat source created by a focusing solar
collector. The work presented here is different from other
research on buoyancy-driven vortices that currently ap-
pears in the literature. In this case flow is through a sink
which is located at the top of the tower.

(a) Governing equations

The components of the momentum equation, energy
equation, and continuity equation in cylindrical coor-
dinates for steady, axisymmetric flow can be written as
follows:

uu, +wu,—vir = —p/p+vlu, +ufr—u/r* +u,,) )
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u(re), + wire), = v[(rv),, — (ro),/r+ (rv)..}  (2)
uw,+ww, = —p.fp+v[w, +w,/r+w.]
+B/p+gaT (3)
uT,+wT, = K[T,+T/r+T,]+0"/pc, “4)
(ru), +(rw), = 0. (5)

In these expressions u, v, and w are the radial, tangential,
and vertical velocities, p is the pressure difference between
the local pressure and the pressure far from the centre and

the volumetric suction force, B, is defined by Chen and
Chao [2] as follows:

B = (Be‘/nb)exp(—r2/b \/;),

where B is a value which depends on the speed of wind
which passes over the top of chimney and the height of
chimney, and b is an adjustable constant. By choosing
different values of b, a narrow or wide region of influence
can be created while keeping B constant. By choosing b to
be sufficiently large a fully opening top can be approxi-
mated. ¢ = 1/Re (Reynolds number).

T is the potential temperature, « is the coefficient of
volumetric thermal expansion, K = k/pc,, ¢, is the constant
pressure specific heat, k is the thermal conductivity, and the
heat source term, @', is defined by Chen and Watts [6] as
follows:

0" = (Q'/nt /z)exp(=r*/1/2),

where ' is the rate at which heat is emitted from the solar
collector per unit height, and ¢ is an adjustable constant. By
choosing various values of t a narrow or wide region of
heat generating can be created while keeping Q' constant.
By choosing ¢ to be sufficiently small a line heat source can
be approximated.

The dimensionless variables and constants are defined as
follows:

L3 = (pT%/4nB)*, T = Q'/nk, Ch=gaTL/U,,

U,=T,/2zL, U =rjLU, V' =ro/LU,
W' =rw/LU, p =p/pU T =T/T,
¥=r/L, z=z/L, ¢=2rnv/l,

s = b/eL*? q=t/el®

It is expected that in the core region the upward velocity
is strong within a relatively narrow region where viscous
effects are important. Using boundary layer arguments, it
can easily be shown that when terms of order of magnitude
¢ are neglected compared with those of order unity in
equations (1)—(5), the following equations result:

Vi=rp, )
Uh+WV, =rh, -V, M
UW,+ WW,—UW/r = ¢[r(W/r),], + Chr®T
+(s)exp(=rsy/2) (8)
UL+WT, =0T, +T)
+olr/aN/2)exp(=r*/g/z) )
U, +W, =0, (10)
where
ro= r’/\/b_', =z, p= p'/\/;, T=T,U=Us,
V=Vt W=W/Je c=1,
and
¢ = 1/Pr (Prandtl number).
(b) Boundary conditions

The following physical boundary conditions must be
satisfied :

. The radial and tangential velocities are zero at the
vortex centre;
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FiG. 2. Reduced potential temperature and reduced circu-
lation in the core region.
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F1G. 3. Reduced vertical and radial velocity functions in the
core region.
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F1G. 4. Tangential and vertical velocities in the core region.

F1G. 5. Reduced pressure function in the core region.
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2. The vertical velocity and the potential temperature are
smooth at the vortex centre;

3. The circulation I' about the vertical coordinate axis
approaches a constant I, far from the vertical axis; and

4. Each of the variables is bounded.
Mathematically, these boundary conditions are expressed
as:

U0,2)=V(0,2) = W(0,z) = T.(0,z) =0
p(o0,z) = W(oo,2z) =0, V(wo,z}=1
T(w0,z)=0.

(11

(c) Similarity equations
The governing equations (6)-(10) can be transformed by
the following changes of variables:

x=r/z'* U=F(x), V=_G(x), W=4z3"*H(x),

p=EX)//z, T =8(x). (12)
Substituting (12) into equations (6)-(10), we obtain:
G? = X°E' (13)
FG'—xHG' = xG"- G’ (14)
xFH' —x*HH +3xH*—FH = H—xH’ +x*H"
+Chx*0/4 + (x*/4s) exp(—x?/s) (15)

F& —xHO = o(x8” +0)+ (ox/q) exp(—x%/q) (16)
F—xH +3H =0, (17)

(a prime indicates differentiation with respect to x), with the
boundary conditions:

FO)=G0)=H(@©)=6(0)=0,

(18)
E(0) = H(e0) =0(0) =0, G(e0) = 1.

SOLUTIONS AND RESULTS

The set of ordinary differential equations {13)-(17) were
reduced to eight first-order differential equations; direct
integration using the Runge-Kutta method was used to
obtain solutions to the equations. An iterative technique,
the shooting method (written by Roberts and Shipman
[12]), was used to choose new values of the missing initial
conditions by adjoint equations. After the boundary
conditions meet at the assumed edge, this edge is
continually extended until convergence occurs.

Equations (12)—(15) were solved for several values of the
parameter Ch that determines the strength of the heat
source. Solutions were obtained for Ch = 0, 0.01, 0.1, 1, 10,
and 100 with s = 25, g = 1,and Pr = 1.

The results are shown in Figs. 2-5. The dimensionless
circulation and potential temperature are plotted against
the similarity variable x in Fig. 2. Figure 3 shows the
dimensionless variables U and H.

The dimensionless tangential velocity and the vertical
velocity are shown in Fig. 4. Figure 5 shows the
dimensionless pressure distribution. It is found that the
dimensionless potential temperature is decreased as Ch
increases, but the dimensional potential temperature will
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increase as Ch increases. In the table, the maximum
pressure drop at the vortex centre axis is increased as Ch
increases.

Table 1. The minimum pressure drop with various Ch

values
Ch 0 0.01 0.1 1.0 10.0 100
(—p)x 10* 1586 1.633 2407 5.547 16246 52832

CONCLUSIONS

The effect of a line heat source on a tornado-type wind
energy generator has been studied. Using the similarity
technique, a set of ordinary differential equations has been
derived. Solutions have been obtained by a numerical
method for several values of the parameter Ch. It is found
that the heat from the solar collector affects the tangential
velocity and pressure distribution of the vortex. The
maximum pressure drop at the vortex centre axis will
increase as the strength of the line heat source increases.
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